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Abstrat
Stati and vibration analysis of isotropi and funtionally graded sandwih plates using a higher-
order shear deformation theory is presented in this paper. Lagrangian funtional is used to derive
the equations of motion. The mixed interpolation of tensorial omponents (MITC) approah and
edge-based-strain tehnique is used to solve problems. A MITC3 three-node triangle element with
7 degree-of-freedoms per nodes that only requires the C
0
-type ontinuity is developed. Numerial
results for isotropi and funtionally graded sandwih plates with dierent boundary onditions are
proposed to validate the developed theory and to investigate eets of material distribution, side-
to-thikness ratio, thikness ratio of layers and boundary onditions on the deetion, stresses and
natural frequenies of the plates.
Keywords: Funtionally graded sandwih plates; Stati; Vibration; Smooth nite element method;
MITC3.
1. Introdution
Funtionally graded material (FGM) is an advaned omposite material whose onstituent volume
frations vary smoothly aording to a required performane, the isotropi and funtionally graded
(FG) strutures therefore avoid material disontinuity found in onventional laminated omposites.
This strutural material is suitable for various appliations in the engineering elds. Large appliations
of FGMs have led to the development of dierent theories to predit aurately their responses. In
order to aount shear deformation eet of FG plates, it is known that the rst-shear deformation
theory (FSDT) ([1{10℄) is the simplest one, however it requires an appropriate shear orretion fator to
orret free-tration boundary ondition of shear stresses. The higher-order shear deformation theories

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(HSDTs) with higher-order variation of the in-plane displaements (HSDT) ([6, 11{24℄), or both in-
plane and out-of-plane displaements (Quasi-3D) ([25{36℄) require no shear orretion. In order to
overome interfae problems between faes and ore found in onventional sandwih strutures, FG
sandwih plates have reently been used. Consequently, stati, vibration and bukling behaviours of
these plates have been attrated the authors with analytial and numerial approahes ([6, 22, 24, 37{
52℄). Due to the limitation of analytial solutions in pratial appliations, numerial methods have
been developed with various degrees of suess. Among them, the nite element method (FEM)
is the most popular one. Dierent approahes have been studied to overome the stiness exess
phenomena haraterizing the shear-loking problem, among whih the mixed interpolation of tensorial
omponents (MITC) approah has been reently used as a very suessful loking removal tehnique
for plate and shell nite elements ([53{57℄. In fat, the MITC4-quadrilateral shell nite elements
were rst developed by Dvorkin and Bathe [54℄, then MITC9- and MITC16-quadrilateral shell nite
elements by Bualem and Bathe [55℄, MITC3- and MITC6-isotropi triangular shell elements by Lee
and Bathe [53, 58℄. Based on a strain smoothing tehnique, Liu et al. [59℄ also developed a family of
smoothed nite element methods (SFEM) that an be ategorized in the following types: ell-based
smoothing (CS-FEM) [60℄, node-based smoothing (NS-FEM) [61℄, edge-based smoothing (ES-FEM)
[62℄, and fae-based smoothing (FS-FEM) [63℄.
The objetive of this paper is to present stati and vibration analysis of isotropi and FG sandwih
plates. It is based on a higher-order shear deformation theory whih aounts a higher-order variation
of transverse shear stresses. A MITC3 three-node triangle element with 7 degree-of-freedoms per
nodes that only requires the C
0
-type ontinuity is used, and then an edge-based strain smoothing
tehnique is onsidered. Numerial results for isotropi and funtionally graded sandwih plates with
dierent boundary onditions are proposed to validate the developed theory and to investigate eets
of material distribution, side-to-thikness ratio, thikness ratio of layers and boundary onditions on
the deetion, stresses and natural frequenies of the plates.
2. Theoretial formulation
2.1. Isotropi and funtionally graded plates
Consider a FG plate under a transverse mehanial load at the top surfae with the bounded
domain 
 and uniform thikness h as Fig. 1. The material properties suh as Young's modulus E,
density  and Poisson's ratio  are assumed to vary ontinuously through the thikness. Three types
of FG plates are onsidered.
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2.1.1. Type A: isotropi FG plates
The plate is graded from metal to erami with the volume fration of erami material V

is given
(Fig. 1a):
V

(z) =

2z + h
2h

p
(1)
where p is the power-law index, whih is positive and z 2 [ 
h
2
;
h
2
℄.
2.1.2. Type B: sandwih plates with FG ore
The top and bottom fae is made of erami and metal, while the ore is graded from metal to
erami (Fig. 1b). The volume fration funtion of erami material of the jth layer V
(j)

is dened
by:
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2.1.3. Type C: sandwih plates with FG faes
The top and bottom fae is graded from metal to erami, while to ore is erami (Fig. 1). The
volume fration funtion of erami material of the jth layer V
(j)

is dened by:
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The eetive material properties (E; ; ) at the jth layer of FG plates are alulated by using the
rule of mixture:
P
(j)
(z) = (P

  P
m
)V
(j)

(z) + P
m
(4)
where P
m
and P

are the material properties of metal and erami.
2.2. Kinematis, strains and stresses
It is known that the HSDTs neglet the thikness strething eet(normal deforma-
tion 
zz
=0), whih auses the independent transverse displaement through the plate
3
thikness. As introdued by Koiter [64℄, the magnitude of thikness strething plays the
same role as the shear deformation eet. In order to onsider thikness strething eet,
Carrera et al. [65℄ introdued a Carrera Unied Formulation(CUF). This formulation
has been applied to anlyse FG plates by Carrera and his olleagues [27, 28, 37, 39, 66℄. In
pratie, although the higher-order variation of both in-plane and out-of-plane displae-
ments predits generally more aurate than the HSDTs, it appears to be ompliated
for implementation and osts due to the inrease of variables. The displaement eld of the
present study based on a C
0
-HSDT model is given by ([67℄):
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where u; v; w, 
x
, 
y
, 
x
and 
y
are seven unknown mid-surfae displaements of the plate,  =
 
4
3h
2
.
The ompat form of strain eld is expressed by:
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where the omma indiates partial dierentiation with respet to the oordinate subsript that
follows.
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The linear stress-strain relations are given by:
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Eqs. (8a) and (8b) an be rewritten under ompat form:
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
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(10b)
2.3. Energy priniple
Lagrangian funtional is used to derive the equations of motion:
 = U + V   K (11)
where U , V and K denote the strain energy, work done, and kineti energy of the plate, respetively.
The strain energy is given by:
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and A;B;D;E;F;H;A
s
;B
s
;D
s
are the stinesses given by:
(A;B;D;E;F;H) =
Z
h=2
 h=2
(1; z; z
2
; z
3
; z
4
; z
6
)C(z)dz (14a)
(A
s
;B
s
;D
s
) =
Z
h=2
 h=2
(1; z
2
; z
4
)C
s
(z)dz (14b)
5
The work done by transverse load is given by:
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 energy is expressed by:
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er-
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t to the time t, and m is mass matrix whih is given by:
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The Lagrangian funtional is nally obtained as:
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2.4. Formulation of nite element method for FG plates
Disretize the bounded domain 
 of plates into N
e
nite elements suh that 
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ements are approximated a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of freedom of u assoiated to the ith node, respetively. The membrane, bending and shear strains
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Substituting Eqs. (22) and (21) into Eq. (20) yields:
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The equations of motion for stati and vibration an be derived by Lagrange's equations:
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ity. Substituting Eq. (24) into Eq.
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Moreover, the displaements are assumed to vary harmonially with respet to time t and a natural
frequeny !, thus d = qe
i!t
with i
2
=  1, Eq. (27) beomes:
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2
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Eq. (29) is the equations of motion for the stati and free vibration problem of FG plates and
a omputer program an be developed to solve this equation to obtain the deetion, stresses and
natural frequenies. However, sine the shear loking phenomenon an appear as the plate thikness
dereases, many approahes have been proposed. Among those, the mixed interpolation of tensorial
omponents (MITC) approah has been applied suessfully as a loking removal tehnique for plate
and shell nite elements ([53{57℄. In this paper, the MITC3-triangular nite element [53, 58℄ and
edge-based-strain tehnique is used.
2.5. Formulation of ES-MITC3 nite element method for FG plates
2.5.1. Formulation of MITC3 based on the C
0
-HSDT
The original MICT3 element [53℄ is applied to FSDT plates in whih the problem domain is
disretized into N
e
three-node triangular elements with 5 degrees of freedom (DOFs) per node d
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=
[u
i
v
i
w
i

xi

yi
℄. Here, the MICT3 element is extended to the C
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℄. The displaements and rotations of the plate are
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assumed to be linear through ones at three element nodes. Moreover, to irumvent the shear loking
phenomenon as the plate thikness dereases, the ovariant transverse shear strains in the MITC3
element are separately interpolated from values of the ovariant transverse shear strains evaluated at
tying points whih are the enter of the isotropi element edges (Fig. 3). To satisfy the isotropi
property of the transverse shear strain elds, their interpolations in the natural oordinates (,) are
followed ([53℄):
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Finally, the shear matrix S in Eq. (24) is followed:
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2.5.2. Formulation of ES-MITC3 based on the C
0
-HSDT
The domain disretization for ES-MITC3 is the same one as that of MITC3 using N
n
nodes and
N
e
triangular elements, the displaements and its assoiated shape funtions used in both elements
are hene ensured to be ontinuous on the whole problem domain. In pratie, it is known that the
MITC3 enables to alulate the stiness matrix K based on the elements while the ES-MITC3 uses
the edge-based-strain smoothing tehnique [68℄ to ompute these matries. The stiness matrix K
in the ES-MITC3 are therefore alled the smoothed stiness matrix
~
K. In this proess, the nite
element mesh is further divided into the smoothing domains 

k
based on edges of elements suh that
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k
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i
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j
= ; for i 6= j, in whih N
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is the total number of edges of all elements in
the entire problem domain. For triangular elements, the smoothing domain 

k
assoiated with the
edge k is reated by onneting two endpoints of the edge to entroids of adjaent elements as shown
in Fig. 4. The strain smoothing formulation is dened by:
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where 
k
(x) is a smoothing funtion that is positive and normalized to unity
R


k

k
(x) d
 = 1.
For simpliity, the smoothing funtion 
k
is hosen to be a step funtion:

k
(x) =
8
<
:
1
A
k
x 2 

k
0 x 3 

k
(34a)
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where A
k
is the area of the smoothing domain 

k
. The smoothed in-plane and shear strains over
the smoothing domain 

k
are dened by:
~

(0)
=
1
A
k
Z


k

(0)
d
;
~

(1)
=
1
A
k
Z


k

(1)
d
;
~

(2)
=
1
A
k
Z


k

(2)
d
 (35a)
~

(0)
=
1
A
k
Z


k
^
(0)
d
;
~

(1)
=
1
A
k
Z


k

(1)
d
 (35b)
Substituting Eq. (22) into Eq. (35), the average strains at edge k an be obtained by the following
form:
~

(0)
=
N
k
n
X
j=1
~
B
m
j
d
j
;
~

(1)
=
N
k
n
X
j=1
~
B
b
1j
d
j
;
~

(2)
=
N
k
n
X
j=1
~
B
b
2j
d
j
(36a)
~

(0)
=
N
k
n
X
j=1
~
B
s
0j
d
j
;
~

(1)
=
N
k
n
X
j=1
~
B
s
1j
d
j
(36b)
where N
k
n
is the number of nodes belonging to elements diretly onneted to edge k (N
k
n
=3 for
boundary edges and N
k
n
=4 for inner edges),
~
B
m
j
=
1
A
k
N
k
e
X
i=1
1
3
A
i
B
m
i
; (37a)
~
B
b
1j
=
1
A
k
N
k
e
X
i=1
1
3
A
i
B
b
1i
; (37b)
~
B
b
2j
=
1
A
k
N
k
e
X
i=1
1
3
A
i
B
b
2i
; (37)
~
B
s
0j
=
1
A
k
N
k
e
X
i=1
1
3
A
i
^
B
s
0i MITC3
(37d)
~
B
s
1j
=
1
A
k
N
k
e
X
i=1
1
3
A
i
B
s
1i
(37e)
with N
k
e
is the number of elements attahed to the edge k (N
k
e
=1 for the boundary edges and
N
k
e
=2 for inner edges). The global matrix of ES-MITC3 element
~
K is obtained as follows:
~
K =
Z
A

~
B
T
D

~
B+
~
S
T
D

s
~
S

dA (38)
where
~
B
T
= [
~
B
m
~
B
b
1
~
B
b
2
℄ and
~
S
T
= [
~
B
s
0
~
B
s
1
℄. Solving Eq. (29) in taking into aount the
stiness matrix
~
K in Eq. (38) enables to determine stati and free vibration responses of the FG
plates.
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3. Numerial results and disussion
In this setion, a number of numerial examples are onduted to show the validity and auray
of the proposed approahes. Two types of boundary onditions in four sides of plates are onsidered:
simply supported (SSSS) and lamped (CCCC). The FG plates are made of Al/ZrO
2
and Al/Al
2
O
3
,
whose material properties are given in Table 1. For onveniene, the following non-dimensional pa-
rameters are used:
u(z) =
100h
3
E

a
4
q
0
u

0;
b
2
; z

; w =
10h
3
E

a
4
q
0
w

a
2
;
b
2

; ^w =
10hE
0
a
2
q
0
w

a
2
;
b
2

; E
0
= 1GPa

xx
(z) =
h
aq
0

xx

a
2
;
b
2
; z

; ^
xx
(z) =
10h
2
a
2
q
0

xx

a
2
;
b
2
; z


xy
(z) =
h
aq
0

xx
(0; 0; z) ; 
xz
(z) =
h
aq
0

xz

0;
b
2
; z

! =
!ab

2
h
s
12(1   
2

)

E

; ^! =
!a
2
h
r

0
E
0
; 
o
= 1kg/m
3
(39)
For onvergene hek, Table 2 presents the deetion, stress and fundamental frequeny of SSSS
isotropi FG plates with p=1 and side-to-thikness ratio a=h=10. It is observed that an aurate
solution an be obtained with the meshing 28 28, thus, this mesh size is used in the following
examples. Moreover, in order to verify the eÆieny of present theory in preventing
loking phenomena, Table 3 presents the normalized enter deetions of isotropi square
plates under uniform loading. They are alulated with various side-to-thikness ratios
up to a=h=10000, and ompared to earlier studies. It an be seen that the proposed ES-
MITC3 nite element prevents shear looking, and that they are in exellent agreement
with those obtained from [69℄ and [70℄. In addition, the normalized enter deetions of
(0
o
/90
o
/0
o
) laminated omposite square plates subjeted to a sinusoidal load are reported
in Table 4. They are ompared to solutions derived from Carrera et al. [71℄ for dierent
ratios of a=h. Good agreements between the present solutions and those derived from
[71℄ are observed.
3.1. Bending analysis
For veriation purpose, the displaements and stresses of Al/Al
2
O
3
SSSS square plates of Type
A and Type B under sinusoidal loads are given in Tables 5, 6 and 7 along with those from sinusoidal
shear deformation theory (SSDT) [16℄, HSDT [21℄, quasi-3D theories ([25℄, [26℄, [28℄, [37℄, [39℄). It
an be seen that the present results are better preditions with those from quasi-3D theories ([25℄,
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[26℄, [28℄, [37℄, [39℄) than SSDT [16℄ and HSDT [21℄ in many ases. Table 6 also shows that there
are deviations between the normalized membrane stresses of present theory and those
from SSDT [16℄, HSDT [21℄ with those derived from CUF [65℄. These dierenes are
signiantly large for thik plates and CUF with 
zz
= 0. The variation of axial and transverse
shear stresses through the plate thikness for various values of the power-law index and thikness ratio
of layers is plotted in Figs. 6a and 6b. Moreover, the deetion and axial stress of Al/ZrO
2
CCCC and
SSSS plates of Type C for dierent thikness ratio of layers are presented in Tables 8 and 9. Again, a
good agreement between the present solutions and those from quasi-3D theories ([37℄, [42℄) is found.
3.2. Vibration analysis
The fundamental frequenies of Al

/ZrO
2
SSSS square plates of Type A and Al/Al
2
O
3
SSSS,
CCCC plates of Type B are reported in Tables 10 and 11. The results are ompared to those obtained
from [36℄ and [44℄ based a 3D model. Good agreements between the models are again found, even
for thik plates. Figure 5 displays rst three modes of Al

/ZrO
2
SSSS square plates with a=h=10,
p=1. It an be seen that transverse deeted shapes are appeared in the modes. Furthermore, the
fundamental frequenies of Al/Al
2
O
3
plates, that is omposed of a mixture of metal loated at the top
surfae and erami at the bottom one, are additionally onsidered in Table 12. They are ompared
to those obtained from HSDTs [48℄ with 9 and 13 unknowns. The results are alulated for three
side-to-thikness ratio a=h=5, 10 and 100 and three thikness ratio of layers (1-1-1,1-2-1 and 2 -2-
1). Finally, Tables 13 and 14 ontain the fundamental frequenies of Al/Al
2
O
3
plates of Type C of
present study along with those by SSDT [43℄, HSDT [45℄, quasi-3D ([42℄, [49℄) and 3D [44℄. Again,
an exellent agreement with previous results is found. Figure 7 shows the fundamental frequenies
of sandwih plates with respet to the power-law index and side-to-thikness ratio. As p and a=h
inrease, the results derease. Their lowest and highest values orrespond to the (1-0-1) and (1-2-1)
plates, respetively.
4. Conlusions
This paper proposed stati and free vibration analysis of isotropi and funtionally graded sandwih
plates using a higher-order shear deformation theory. Plate mid-plane is divided into three-node
triangle element meshing with 7 degree-of-freedoms per nodes that only requires C
0
-type ontinuity.
Triangle elements will be divided into three sub-triangles within whih a MITC3-element is applied
to alulate the strains, and then an edge-based-strain smoothing tehnique is onsidered. Numerial
results for isotropi and funtionally graded sandwih plates with dierent boundary onditions are
12
proposed to validate the developed theory and to investigate eets of material distribution, side-to-
thikness ratio and thikness ratio of layers on the deetion, stresses and natural frequenies of the
plates. The obtained numerial results showed that the present theory is eÆient and aurate for
stati and vibration analysis of isotropi and funtionally graded sandwih plates.
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Table 1: Material properties of metal and erami
Material Young's modulus (GPa) Mass density (kg/m
3
) Poisson's ratio
Aluminum (Al

) 70 2702 0.3
Aluminum (Al) 70 2707 0.3
Zironia (ZrO
2
) 151 3000 0.3
Alumina (Al
2
O
3
) 380 3800 0.3
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Table 2: Convergene of stati and vibration responses of Al/Al
2
O
3
simply supported square plates (SSSS, a=h=10,
Type A)
Responses Meshing
44 88 1616 2424 2828 3232
w 0.4967 0.5690 0.5842 0.5868 0.5874 0.5878

xx
(h=3) 1.1368 1.4015 1.4675 1.4799 1.4825 1.4842
^! 0.1307 0.1497 0.1537 0.1544 0.1545 0.1546
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Table 3: Nondimensional enter deetions 100w
 
a
2
;
b
2

D=q
0
a
4
, D =
Eh
3
12(1 
2
)
of simply supported isotropi plates under
uniform loads.
BC Theory a=h
10 100 1000 10000
SSSS Present 0.4272 0.4064 0.4062 0.4062
Nguyen et al. (MITC4) [69℄ 0.4273 0.4064 0.4062 0.4062
Nguyen et al. (MISC1) [69℄ 0.4273 0.4065 0.4063 0.4063
Exat [70℄ 0.4273 0.4064 0.4062 0.4062
CCCC Present 0.1505 0.1268 0.1265 0.1265
Nguyen et al. (MITC4) [69℄ 0.1504 0.1268 0.1265 0.1265
Nguyen et al. (MISC1) [69℄ 0.1505 0.1268 0.1265 0.1265
Exat [70℄ 0.1499 0.1267 0.1265 0.1265
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Table 4: Nondimensional enter deetions 100w
 
a
2
;
b
2

E
2
h
3
=q
0
a
4
of (0
o
/90
o
/0
o
) simply supported laminated omposite
plates under sinusoidal loads.
Theory a=h
10 50 100 500 1000
Present 0.9750 0.7856 0.7740 0.7747 0.7655
Carrera et al. (MITC4)[71℄ 0.9754 0.7737 0.7672 0.7650 0.7632
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Table 5: Comparison of the nondimensional stress and displaements of Al/Al
2
O
3
simply supported square plates (SSSS,
a=h=10, Type A).
p Theory u( h=4) w 
xx
(h=3) 
xy
( h=3) 
xz
(h=6)
1 Present 0.6402 0.5874 1.4825 0.6080 0.2597
Quasi-3D [25℄ 0.6436 0.5875 1.5062 0.6081 0.2510
Quasi-3D [26℄ 0.6436 0.5876 1.5061 0.6112 0.2511
SSDT [16℄ 0.6626 0.5889 1.4894 0.6110 0.2622
HSDT [21℄ 0.6398 0.5880 1.4888 0.6109 0.2566
2 Present 0.8970 0.7553 1.3890 0.5414 0.2755
Quasi-3D [25℄ 0.9012 0.7570 1.4147 0.5421 0.2496
Quasi-3D [26℄ 0.9013 0.7571 1.4129 0.5436 0.2495
SSDT [16℄ 0.9281 0.7573 1.3954 0.5441 0.2763
HSDT [21℄ 0.8957 0.7564 1.3940 0.5438 0.2741
4 Present 1.0488 0.8795 1.1718 0.5639 0.2611
Quasi-3D [25℄ 1.0541 0.8823 1.1985 0.5666 0.2362
Quasi-3D [26℄ 1.0541 0.8823 1.1941 0.5671 0.2362
SSDT [16℄ 1.0941 0.8819 1.1783 0.5667 0.2580
HSDT [21℄ 1.0457 0.8814 1.1755 0.5662 0.2623
8 Present 1.0754 0.9723 0.9413 0.5826 0.2041
Quasi-3D [25℄ 1.0830 0.9738 0.9687 0.5879 0.2262
Quasi-3D [26℄ 1.0830 0.9739 0.9622 0.5883 0.2261
SSDT [16℄ 1.1340 0.9750 0.9466 0.5856 0.2121
HSDT [21℄ 1.0709 0.9737 0.9431 0.5850 0.2140
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Table 6: Nondimensional membrane stress 
xx
and deetion w of Al/Al
2
O
3
simply supported square FG plates (SSSS,
Type A).
p Theory 
xx
(h=3) w
a=h=4 10 100 a=h=4 10 100
1 Present 0.5787 1.4825 14.894 0.7271 0.5874 0.5609
SSDT [16℄ - 1.4894 - - 0.5889 -
HSDT [21℄ - 1.4888 - - 0.5880 -
CUF [39℄ (
zz
= 0) 0.7856 2.0068 20.149 0.7289 0.5890 0.5625
CUF [39℄ (
zz
6= 0) 0.6221 1.5064 14.969 0.7171 0.5875 0.5625
Quasi-3D [26℄ - 1.5061 - - 0.5876 -
4 Present 0.4390 1.1719 11.862 1.1593 0.8795 0.8263
SSDT [16℄ - 1.1783 - - 0.8819 -
HSDT [21℄ - 1.1755 - - 0.8814 -
CUF [39℄ (
zz
= 0) 0.5986 1.5874 16.047 1.1673 0.8828 0.8286
CUF [39℄ (
zz
6= 0) 0.4877 1.1971 11.923 1.1585 0.8821 0.8286
Quasi-3D [26℄ - 1.1941 - - 0.8823 -
10 Present 0.3220 0.8730 8.8566 1.3896 1.0061 0.9332
SSDT [16℄ (
zz
= 0) - 0.8775 - - 1.0089 -
CUF [39℄ (
zz
= 0) 0.4345 1.1807 11.989 1.3925 1.0090 0.9361
CUF [39℄ (
zz
6= 0) 0.1478 0.8965 8.9077 1.3745 1.0072 0.9361
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Table 7: Comparison of the nondimensional stress and displaements of Al/Al
2
O
3
simply supported square plates (SSSS,
a=h=10, Type B).
p Theory u( h=4) w 
xx
(h=3) 
xy
( h=3) 
xz
(h=6)
0 Present 0.3221 0.3726 1.4614 1.0023 0.2202
Quasi-3D [37℄ - 0.3711 - - 0.2227
0.5 Present 0.5514 0.5216 1.5020 0.8487 0.2451
Quasi-3D [37℄ - 0.5238 - - 0.2581
1 Present 0.7312 0.6319 1.4493 0.6867 0.2587
Quasi-3D [39℄ - 0.6324 - - 0.2594
Quasi-3D [28℄ - 0.6305 - - 0.2788
Quasi-3D [37℄ - 0.6305 - - 0.2789
4 Present 1.0524 0.8264 0.9522 0.5563 0.2435
Quasi-3D [39℄ - 0.8307 - - 0.2398
Quasi-3D [28℄ - 0.8202 - - 0.2778
Quasi-3D [37℄ - 0.8199 - - 0.2747
10 Present 1.0771 0.8719 0.5582 0.5662 0.1925
Quasi-3D [39℄ - 0.8740 - - 0.1944
Quasi-3D [28℄ - 0.8650 - - 0.2059
Quasi-3D [37℄ - 0.8645 - - 0.2034
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Table 8: Nondimensional enter deetions ( ^w) of Al/ZrO
2
sandwih lamped square plates (CCCC, Type C).
h=b p Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
0.01 0 Present 0.0961 0.0961 0.0961 0.0961 0.0961 0.0961
0.5 Present 0.1356 0.1302 0.1275 0.1259 0.1226 0.1196
1 Present 0.1601 0.1516 0.1468 0.1445 0.1389 0.1339
5 Present 0.2025 0.1945 0.1849 0.1844 0.1734 0.1661
10 Present 0.2061 0.2005 0.1905 0.1915 0.1797 0.1728
0.1 0 Present 0.1156 0.1156 0.1156 0.1156 0.1156 0.1156
HSDT [24℄ 0.1128 0.1128 0.1128 0.1128 0.1128 0.1128
0.5 Present 0.1588 0.1525 0.1497 0.1477 0.1442 0.1410
HSDT [24℄ 0.1557 0.1495 0.1467 0.1448 0.1414 0.1381
1 Present 0.1862 0.1760 0.1709 0.1679 0.1619 0.1563
HSDT [24℄ 0.1824 0.1726 0.1675 0.1648 0.1588 0.1535
5 Present 0.2363 0.2238 0.2136 0.2116 0.1996 0.1909
HSDT [24℄ 0.2304 0.2187 0.2091 0.2073 0.1957 0.1878
10 Present 0.2429 0.2312 0.2204 0.2196 0.2067 0.1983
HSDT [24℄ 0.2365 0.2255 0.2156 0.2149 0.2024 0.1949
0.2 0 Present 0.1652 0.1652 0.1652 0.1652 0.1652 0.1652
0.5 Present 0.2166 0.2080 0.2049 0.2019 0.1981 0.1939
1 Present 0.2496 0.2351 0.2297 0.2248 0.2182 0.2111
5 Present 0.3195 0.2935 0.2822 0.2754 0.2619 0.2497
10 Present 0.3346 0.3046 0.2924 0.2856 0.2709 0.2581
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Table 9: Nondimensional axial stress (^
xx
) of Al/ZrO
2
sandwih simply supported square plates (SSSS, a=h=10, Type
C).
p Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
0 Present 1.96556 1.96556 1.96556 1.96556 1.96556 1.96556
Zenkour [38℄ (SSDT) 2.05452 2.05452 - 2.05452 2.05452 2.05452
Zenkour [40℄ (Quasi-3D) 2.00773 2.00773 - 2.00773 2.00773 2.00773
Neves et al. [37℄ (Quasi-3D) - 2.00660 2.00640 2.00660 2.00650 2.00640
Bessaim et al. [42℄ (Quasi-3D) - 1.99524 1.99524 1.99524 1.99524 1.99524
1.0 Present 1.56840 1.45972 1.34829 1.39036 1.28054 1.28866
Zenkour [38℄ (SSDT) 1.58204 1.49859 - 1.42892 1.32342 1.32590
Zenkour [40℄ (Quasi-3D) 1.57004 1.48833 - 1.41781 1.30907 1.31204
Neves et al. [37℄ (Quasi-3D) - 1.48130 1.37680 1.41370 1.30920 1.31330
Bessaim et al. [42℄ (Quasi-3D) - 1.46131 1.35053 1.39243 1.28274 1.29030
2.0 Present 1.80135 1.68374 1.51308 1.59049 1.42750 1.44340
Zenkour [38℄ (SSDT) 1.82450 1.72412 - 1.63025 1.47387 1.48283
Zenkour [40℄ (Quasi-3D) 1.81509 1.72030 - 1.62591 1.46372 1.47421
Neves et al. [37℄ (Quasi-3D) - 1.69940 1.54560 1.60880 1.45430 1.46590
Bessaim et al. [42℄ (Quasi-3D) - 1.68472 1.52101 1.59170 1.42887 1.44497
5.0 Present 1.92800 1.85438 1.65950 1.77191 1.56846 1.59723
Zenkour [38℄ (SSDT) 1.99567 1.91547 - 1.81838 1.61477 1.64106
Zenkour [40℄ (Quasi-3D) 1.97912 1.91504 - 1.82018 1.60953 1.63906
Neves et al. [37℄ (Quasi-3D) - 1.88380 1.69090 1.79060 1.58930 1.61950
Bessaim et al. [42℄ (Quasi-3D) - 1.87516 1.66856 1.77919 1.56627 1.60203
10.0 Present 1.99493 1.93047 1.71601 1.84567 1.61513 1.66494
Zenkour [38℄ (SSDT) 2.03360 1.97313 - 1.88147 1.61979 1.64851
Zenkour [40℄ (Quasi-3D) 2.00692 1.97075 - 1.89162 2.18558 1.67350
Neves et al. [37℄ (Quasi-3D) - 1.93970 1.74050 1.85590 1.63950 1.68320
Bessaim et al. [42℄ (Quasi-3D) - 1.93266 1.71835 1.84705 1.61792 1.66754
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Table 10: Comparison of the nondimensional fundamental frequeny (!) of Al

/ZrO
2
simply supported square plates
(SSSS, Type A).
a=h Theory p
0 0.1 0.2 0.5 1 2 5 10
2 Present 1.2502 1.2210 1.1960 1.1390 1.0821 1.0268 0.9717 0.9466
3D [36℄ 1.2589 1.2296 1.2049 1.1484 1.0913 1.0344 0.9777 0.9507
5 Present 1.7782 1.7270 1.6893 1.6057 1.5293 1.4677 1.4132 1.3764
3D [36℄ 1.7748 1.7262 1.6881 1.6031 1.4764 1.4628 1.4106 1.3711
10 Present 1.9426 1.8863 1.8426 1.7488 1.6674 1.6074 1.5578 1.5168
3D [36℄ 1.9339 1.8788 1.8357 1.7406 1.6583 1.5968 1.5491 1.5066
20 Present 1.9932 1.9286 1.8822 1.7908 1.7098 1.6507 1.6032 1.5608
3D [36℄ 1.9570 1.9261 1.8788 1.7832 1.6999 1.6401 1.5937 1.5491
50 Present 2.0028 1.9274 1.8888 1.8001 1.7188 1.6598 1.6129 1.5700
3D [36℄ 1.9974 1.9390 1.8920 1.7944 1.7117 1.6522 1.6062 1.5620
100 Present 2.0050 1.9272 1.8885 1.7999 1.7188 1.6599 1.6132 1.5704
3D [36℄ 1.9974 1.9416 1.8920 1.7972 1.7117 1.6552 1.6062 1.5652
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Table 11: Nondimensional fundamental frequeny (^!) of Al/Al
2
O
3
square plates (Type B, 1-8-1).
Boundary onditions h=b Theory p
0.5 1 2 5 10
SSSS 0.01 Present 1.34091 1.38713 1.44558 1.53261 1.59320
Li et al. [44℄ (3D) 1.33931 1.38669 1.44491 1.53143 1.59105
0.1 Present 1.30037 1.35075 1.41078 1.49640 1.55372
Li et al. [44℄ (3D) 1.29751 1.34847 1.40828 1.49309 1.54980
0.2 Present 1.19521 1.25212 1.31480 1.39697 1.44837
Li et al. [44℄ (3D) 1.19580 1.25338 1.31569 1.39567 1.44540
CCCC 0.01 Present 2.45628 2.54032 2.64720 2.80567 2.91465
Li et al. [44℄ (3D) 2.45438 2.54149 2.64835 2.80692 2.91611
0.1 Present 2.24211 2.34552 2.45892 2.60848 2.70317
Li et al. [44℄ (3D) 2.24154 2.34606 2.45973 2.60760 2.70070
0.2 Present 1.85910 1.97572 2.09056 2.22000 2.29087
Li et al. [44℄ (3D) 1.86081 1.97993 2.09554 2.22142 2.28896
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Table 12: Comparison of the nondimensional fundamental frequeny (^!) of Al/Al
2
O
3
simply supported square plates
(SSSS, Type B).
a=h Theory 1-1-1 1-2-1 2-2-1
0 0.5 1 5 0.5 1 5 0.5 1 5
5 Present 1.1072 1.1485 1.1765 1.2125 1.1622 1.1902 1.2686 1.1984 1.2392 1.3283
HSDT9 [48℄ 1.1021 1.1449 1.1639 1.2113 1.1597 1.1884 1.2644 1.1965 1.2350 1.3249
HSDT13 [48℄ 1.0893 1.1511 1.1701 1.2162 1.1663 1.1952 1.2712 1.2031 1.2421 1.3312
10 Present 1.2040 1.2412 1.2573 1.2951 1.2614 1.2851 1.3523 1.2878 1.3246 1.4196
HSDT9 [48℄ 1.2138 1.2373 1.2506 1.2921 1.2578 1.2785 1.3492 1.2846 1.3216 1.4161
HSDT13 [48℄ 1.2087 1.2392 1.2524 1.2935 1.2598 1.2806 1.3513 1.2865 1.3238 1.4180
100 Present 1.2652 1.2785 1.2890 1.3276 1.3014 1.3185 1.3864 1.3214 1.3597 1.4559
HSDT9 [48℄ 1.2617 1.2751 1.2854 1.3239 1.2981 1.3148 1.3825 1.3198 1.3559 1.4519
HSDT13 [48℄ 1.2616 1.2751 1.2854 1.3239 1.2981 1.3148 1.3825 1.3198 1.3559 1.4519
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Table 13: Nondimensional fundamental frequeny (^!) of Al/Al
2
O
3
sandwih simply supported square plates (SSSS,
a=h=10, Type C).
p Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
0 Present 1.82996 1.82996 1.82996 1.82996 1.82996 1.82996
Zenkour [43℄ (SSDT) 1.82452 1.82452 1.82452 1.82452 1.82452 1.82452
Meihe et al. [45℄ (HSDT) 1.82449 1.82449 1.82449 1.82449 1.82449 1.82449
Bessaim et al. [42℄ (Quasi-3D) 1.82682 1.82682 - 1.82682 1.82682 1.82682
Li et al. [44℄ (3D) 1.82682 1.82682 - 1.82682 1.82682 1.82682
0.5 Present 1.44753 1.48775 1.51016 1.52316 1.55114 1.57879
Zenkour [43℄ (SSDT) 1.44436 1.48418 1.51258 1.51927 1.55202 1.57450
Meihe et al. [45℄ (HSDT) 1.44419 1.48405 1.50636 1.51922 1.54714 1.57458
Bessaim et al. [42℄ (Quasi-3D) 1.44621 1.48611 - 1.52130 1.55016 1.57670
Li et al. [44℄ (3D) 1.44614 1.48608 - 1.52131 1.54926 1.57668
1.0 Present 1.24683 1.30397 1.33732 1.35740 1.39980 1.44368
Zenkour [43℄ (SSDT) 1.24335 1.30023 1.34894 1.35339 1.40792 1.43931
Meihe et al. [45℄ (HSDT) 1.24310 1.30004 1.33328 1.35331 1.39559 1.43940
Bessaim et al. [42℄ (Quasi-3D) 1.24495 1.30195 - 1.35527 1.39987 1.44143
Li et al . [44℄ (3D) 1.24470 1.30181 - 1.35523 1.39763 1.44137
5.0 Present 0.94802 0.98388 1.03320 1.04729 1.11199 1.17748
Zenkour [43℄ (SSDT) 0.94630 0.98207 1.07445 1.04481 1.14741 1.17399
Meihe et al. [45℄ (HSDT) 0.94574 0.98166 1.03033 1.04455 1.10875 1.17397
Bessaim et al. [42℄ (Quasi-3D) 0.94716 0.98311 - 1.04613 1.11723 1.17579
Li et al. [44℄ (3D) 0.94476 0.98103 - 1.04532 1.10983 1.17567
10.0 Present 0.93054 0.94458 0.99449 0.99769 1.06381 1.12641
Zenkour [43℄ (SSDT) 0.92875 0.94332 1.04558 0.99519 1.04154 1.13460
Meihe et al. [45℄ (HSDT) 0.92811 0.94275 0.99184 0.99536 1.06081 1.12311
Bessaim et al. [42℄ (Quasi-3D) 0.92952 0.94410 - 0.99684 1.07015 1.12486
Li et al. [44℄ (3D) 0.92727 0.94078 - 0.99523 1.06104 1.12466
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Table 14: Nondimensional fundamental frequeny (^!) of Al/Al
2
O
3
sandwih lamped square plates (CCCC, Type C).
h=b p Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
0.01 0 Present 3.45280 3.45280 3.45280 3.45280 3.45280 3.45280
Li et al. [44℄ (3D) 3.45447 3.45447 3.45447 3.45447 3.45447 3.45447
0.5 Present 2.70385 2.78089 2.84948 2.90462 2.95806 3.22393
Li et al. [44℄ (3D) 2.71263 2.78786 2.85535 2.90993 2.96675 3.23192
1 Present 2.32617 2.43257 2.53379 2.61568 2.69909 3.10729
Li et al. [44℄ (3D) 2.32703 2.43347 2.53476 2.61669 2.71273 3.11384
5 Present 1.76665 1.82803 1.94525 2.06793 2.25305 2.87134
Li et al. [44℄ (3D) 1.76711 1.82843 1.94575 2.06851 2.25938 2.87731
10 Present 1.73862 1.75541 1.85247 1.97736 2.09335 2.81977
Li et al. [44℄ (3D) 1.73916 1.75573 1.85287 1.97781 2.09743 2.82561
0.1 0 Present 3.13561 3.13561 3.13561 3.13561 3.13561 3.13561
Li et al. [44℄ (3D) 3.13799 3.13799 3.13799 3.13799 3.13799 3.13799
0.5 Present 2.52313 2.59231 2.65098 2.69559 2.74092 2.95395
Li et al. [44℄ (3D) 2.52593 2.59490 2.65356 2.69828 2.74989 2.95839
1 Present 2.18997 2.29045 2.38082 2.44990 2.52297 2.85877
Li et al. [44℄ (3D) 2.19019 2.29107 2.38186 2.45108 2.53978 2.86255
5 Present 1.67051 1.74592 1.85938 1.96982 2.08304 2.66415
Li et al. [44℄ (3D) 1.66187 1.73925 1.85790 1.96719 2.15715 2.66739
10 Present 1.62965 1.67549 1.77308 1.88712 1.99676 2.62127
Li et al. [44℄ (3D) 1.62117 1.66326 1.76860 1.88080 1.99860 2.62431
0.2 0 Present 2.57142 2.57142 2.57142 2.57142 2.57142 2.57142
Li et al. [44℄ (3D) 2.57552 2.57552 2.57552 2.57552 2.57552 2.57552
0.5 Present 2.15479 2.21224 2.25626 2.28573 2.32903 2.45801
Li et al. [44℄ (3D) 2.15683 2.21438 2.25866 2.28822 2.33060 2.46042
1 Present 1.90597 1.99495 2.06602 2.11415 2.18758 2.39488
Li et al. [44℄ (3D) 1.90590 1.99492 2.06686 2.11525 2.19019 2.39709
5 Present 1.44371 1.54845 1.66152 1.74282 1.93751 2.26000
Li et al. [44℄ (3D) 1.44469 1.54542 1.66225 1.74700 1.93215 2.26481
10 Present 1.38793 1.46787 1.58394 1.67647 1.78228 2.23314
Li et al. [44℄ (3D) 1.38683 1.46709 1.58209 1.67158 1.78269 2.23526
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(a) Geometry of a funtionally graded plate
(b) Type A
() Type B
(d) Type C
Figure 1: Geometry of funtionally graded plates and its setions.
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(b) Type C
Figure 2: 1-2-1 sandwih plates for several power-law index (p).
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Figure 4: Smoothing domain assoiated with edge k
39
00.5
1 0
0.5
1
0
0.1
0.2
y/b
x/a
z
(a) Mode 1 (!=1.6674)
0
0.5
1 0
0.5
1
−0.2
0
0.2
y/b
x/a
z
(b) Mode 2 (!=3.9923)
0
0.5
1 0
0.5
1
−0.2
0
0.2
y/b
x/a
z
() Mode 3 (!=4.0021)
Figure 5: First three shape modes of Al

/ZrO
2
simply supported square plates (a=h=10, p=1, Type A).
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Figure 6: Nondimensional membrane stress 
xx
and transverse shear stress 
xz
through the thikness diretion of
Al/Al
2
O
3
simply supported square plates subjeted to sinusoidal load (a=h=10, Type B).
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Figure 7: Eet of the power-law index p and side-to-thikness ratio on the nondimensional fundamental frequeny (^!)
of Al/Al
2
O
3
simply supported square plates (Type C).
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